Anomaly analysis of Hawking radiation from 2+1 dimensional spinning black hole 
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Considering gravitational and gauge anomalies at the horizon, a new successful method that to 
derive Hawking radiations from black holes has been developed recently by Wilczek et al.. By using 
the dimensional reduction technique, we apply this method to a non-vacuum solution, the 2+1 
dimensional spinning black hole. The Hawking temperature and angular velocity on the horizon are 
obtained. The results may partially imply that this method is independent of the gravity theory, 
the dimension of spacetime and the topological structure of the event horizon. 
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I. INTRODUCTION 

The discovery of Hawking radiation [H reveals that 
the black hole is not completely black but can emit ra- 
diation from its event horizon like a black body at the 
temperature T = This raises the interest of investi- 
gation for the Hawking radiation. Apart from the orig- 
inal derivation, one of the derivations is the tunneling 
method, which based on pair creations of particles and 
antiparticles near the horizon through calculating WKB 
amplitudes for classically forbidden trajectories 0, 
Some new important results of tunneling method can be 
found in 

A couple of years ago, a new method to obtain 
the Hawking radiation was proposed by Robinson and 
Wilczek et al [6]. The facts, a black hole's horizon is 
a one way membrane and the effective theory near it is 
a two-dimensional theory, lead to the gauge and grav- 
itational anomalies for the currents near a black hole's 
horizon. By solving these anomaly equations with the 
regular conditions, one may regard the Hawking radia- 
tion as the compensation of the anomaly to break the 
classical symmetry. The result was first obtained from 
a static and spherically symmetric Schwarzschild-type 
black hole. Soon, this method is extended to charged and 
rotating black holes 0,0- i&ct, there are two anoma- 
lous currents, the consistent current and the covariant 
current. The consistent current anomaly equation satis- 
fies the Wess Zumino consistency condition. But under a 
gauge transformation, it does not transform covariantly. 
On the other hand, Banerjee and Kulkarni 0, [lo| intro- 
duced another covariant current, which transforms un- 
der gauge transformation, but does not satisfy the Wess 
Zumino consistency condition. As was shown later, the 
anomaly cancellation method has been successfully ex- 
tended to other black hole cases [ll|-[5l|. For these black 
holes, with the different gravity theory, the dimension of 
spacetime, the topological structure of the event hori- 
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zon, the result is universal. It also can be seen that the 
thermal distribution of Hawking radiation can be com- 
pletely reproduced by investigating transformation prop- 
erties of the higher-spin currents under conformal and 
gauge transformations [5l|, [H, HI] • 



In this letter, we would like to investigate the spinning 
black hole using this method. Different from the gener- 
ally black holes solutions, the metric component gu has 
no singular when r ^ rh (the radius of event horizon). 
This non-vacuum solution was presented by Chan and 
Mann in [s^, [sH] • Other spinning Solutions in 2 + 1 di- 
mensional Gravity can be found in 57]. Its entropy was 
also studied in [5^] , where they showed that the entropy 
diverges when /i — > 0, where h is the radial coordinate 
distance from the horizon to the brick wall. Recently, 
it is found that the wave equations of a massless scalar 
field is shown to be exactly solvable in terms of hyper- 
geometric functions for a slowly spinning black hole and 
the asym pto tic form of the quasinormal frequencies are 
obtained |59j . Base on the above considerations, we want 
to known whether the Hawking radiation can be obtained 
from the anomaly method for the spinning black hole un- 
der the gravity theory. Firstly, we will perform a dimen- 
sional reduction of an action given by a complex scalar 
field minimally coupled to gravity in the background of a 
(2-t-l)-dimensional spinning black hole. The result shows 
that the theory is reduced to an effective theory of an 
infinite collection of (l-l-l)-dimensional scalar fields near 
the horizon. We found that, after the dimensional re- 
duction, an effective U{1) gauge field is generated by an 
angular isometry. The azimuthal quantum number m 
serves as the charge of each partial wave, and this result 
accords with that of Q . Through studying the gauge and 
gravitational anomalies, we obtain the Hawking flux. 



The paper is organized as follows. In section |TT1 we re- 
view the basic properties of (2-f l)-dimensional spinning 
black hole and carry out the dimensional reduction. It's 
Hawking radiation is derived via anomalies in section [TTTl 
Finally, the paper ends with a brief summary. 
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II. QUANTUM FIELD IN SPINNING BLACK 
HOLE 

In this section we will give a brief review of the spinning 
black hole and carry out the dimensional reduction. The 
action which leads to spinning black hole solutions is 



The horizon is located at h(r) = and is given by 



rH 
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(11) 



It is clear that /(r) and p(r) are non-singular at r = rn- 
The determinant of the metric is 



5= dPx^/^(n-A{V(t>f + 2e'"^k 
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where A is the cosmological constant and (j) is the dilaton 
field. 

A family of spinning black hole solutions were pre- 
sented in [56| with the metric given by 
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where the mass M , angular momentum J and parameter 
rj are given by 
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Here, rj and 7 are integration constants. For the action 
contains a static dilaton fluid whose energy momentum 
tensor is nowhere vanishing, it is a non- vacuum solution. 
For the dilaton coupling parameters iV = 1, the quasi- 
normal modes and the area spectrum have been studied 
in detail in (soj . In this paper, we will also focu on the 
case of N=l and the metric for this spinning black hole 
is reduced to 
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After some calculations, we found there exists a special 
relationship between these metric functions, 



fp^ + 4 = 4r*/i. 
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and non-zero metric coefficients can be simplified with 

(uni). 



..00 



„ii _ h 



2/ir3' 



(13) 



9 



Next, we will carry out the dimensional reduction for 
this metric background. Considering a action functional 
constructed from a complex scalar field: 



S 



The Laplace-Beltrami operator is defined by 
1 



(14) 



(15) 



Substituting Eqs. (fT5|) and (fT5|) into ([Tl)) . we can obtain 
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Performing the partial wave decomposition, $ = 
c/Jm(r, t)e'™^ and integrating the angle coordinate 
part, the above action will be reduced to 
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It can be seen that the action is reduced to an infinite 
set of the scalar fields ip„i on a two-dimensional space. 
It is convenient to define a tortoise coordinate to discuss 
the behavior of the action near the horizon. The tortoise 
coordinate can be defined as 



dr 
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After this coordinate transform, the last term appears in 



(HZD is 



2771-' r^h 



which will vanish as r — > r/f. Ignor- 



(10) ing it, the final effective two-dimensional action can be 
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rewritten as 

5' = 7r^ / dtdripl^p 
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After undergoing the dimensional reduction near the 
horizon, we could see that each partial wave of the scalar 
field can be effectively described by an infinite collection 
of complex scalar field in the background of a (1+1)- 
dimensional metric: 



-F{r)dt'^ + F-\r)dr^, 



(20) 



where F = ^^j-- The dilaton field and gauge potential 
Af_, is given by 
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Eqs. ((26)) and ([27)1 can be easily integrated as, respec- 
tively. 
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J(U) = CW + — (A(0- A(rH)), 
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where cq and cn are integration constants, cq is the 
value of the electric flux. 

Considering a variation of quantum effective action W 
under a gauge transformation with gauge parameter C, 
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The coefficient of the delta function in the above equation 
should vanish. This leads to the result 



III. HAWKING RADIATION OF SPINNING 
BLACK HOLE 

For the C/(l) gauge current J^, the consistent form of 
anomaly is given by 



Co = C-H 
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Imposing the condition that the covariant current van- 
ishes at the horizon, the value of the current can be fixed 
at the horizon 
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where -f (— ) corresponds to the left(right)-handed fields 
and e^'' is antisymmetric with e"^ = 1. The current 
appeared in (j22p is not a covariant current. However, 
covariant current can be defined as 
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The consistent current can be written as a sum of two 
regions, outside the horizon and near the horizon , 



(25) 



where 0+(r) = 8(r — r// — e) and H{r) = 1 — 0+(7') are 
step functions which are defined in the region r > rjj- 
^(O) ' current outside the horizon, is conserved and 
satisfies 



(26) 



While J^{H){''')i the current near the horizon, satisfies 
the anomalous equation 
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cn = -—Atirn). (31) 
47r 

Then the electric flux is obtained 

^ , , 16JA 

This agrees with the current flow associated with the 
Hawking thermal (blackbody) radiation. 

For the energy- momentum tensor, the anomalous 
Ward identity is given by 
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with A^i is the covariant gravitational anomaly. For the 
metric (|20p . the covariant anomaly is purely time-like for 
Ar — 0. The energy- momentum tensor can be decom- 
posed as 



(34) 
(35) 



Outside the horizon, we get 

Near the horizon, we have the anomalous equation 

[^(H)] = {Jln)QrAt + AtdrJln^ + drMl, (36) 
where Ml is given by 
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Integrating these two equations, we obtain 
Co At, 



h{0) 



of the black hole. Its temperature and angular velocity 
at the horizon are given by, respectively, 
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Under the infinitesimal general coordinate transforma- 
tions, the effective action transforms as 
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The coefficient of the delta function term need to vanish 
at the horizon, 



ao^an + —AUrH)-K'{rH). (40) 
An 

Imposing a vanishing condition for the covariant energy- 
momentum tensor at the horizon, which gives the equa- 
tion 



(41) 



The total flux of the energy-momentum tensor is given 

by 



in .9/ N 



From ([37|) and metric (I20p . we can calculate 
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where V"^ = (^ |r=rff)^- Note that the flux is propor- 
tional to {ThY with Th ~ -g, the Hawking temperature 



the same with that of [59|. Until now, we have calcu- 
lated the gauge current and energy-momentum tensor 
flux. The results show that these fluxes are exactly equiv- 
alent to Hawking radiation from the event horizon. 
IV. SUMMARY 

In this paper, we obtain the Hawking flux from a non- 
vacuum solution, (2-|-l)-dimcnsional spinning black hole, 
by using the method of quantum anomalies. Firstly, 
by integrating the action given by a scalar fleld mini- 
mally coupled to gravity in the background of black hole 
near the horizon, we obtain a (H-l)-dimensional effec- 
tive action, which means physics near the horizon can be 
described with an infinite collection of massless (1+1)- 
dimensional scalar fields. It is also found that, after the 
dimensional reduction, an effective U{1) gauge field is 
generated by an angular isometry. The azimuthal quan- 
tum number m serves as the charge of each partial wave. 
Then, considering the quantum anomalies near the hori- 
zon, we obtain the exact Hawking flux. The results may 
partially imply that this method is independent of the 
gravity theory, the dimension of spacetime and the topo- 
logical structure of the event horizon. 
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